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QUILLEN’S CONJECTURE FOR GROUPS OF p -RANK 3
KEVIN IVA´N PITERMAN1, IVA´N SADOFSCHI COSTA2, AND ANTONIO VIRUEL3
Abstract. Let G be a finite group and Ap(G) be the poset of nontrivial elementary
abelian p-subgroups of G. Quillen conjectured that Op(G) is nontrivial if Ap(G) is
contractible. We prove that Op(G) 6= 1 for any group G admitting a G-invariant acyclic
p-subgroup complex of dimension 2. In particular, it follows that Quillen’s conjecture
holds for groups of p-rank 3.
1. Introduction
The study of the poset Sp(G) of nontrivial p-subgroups of a finite group G started when
K.S. Brown proved that the Euler characteristic χ(K(Sp(G))) of its order complex is 1
modulo the greatest power of p dividing the order of G [Bro75]. Some years later, Quillen
[Qui78] studied the homotopy properties of K(Sp(G)). In that article, Quillen considered
the subposet Ap(G) of nontrivial elementary abelian p-subgroups and proved that its
order complex is homotopy equivalent to K(Sp(G)) [Qui78, Proposition 2.1]. Quillen also
proved that, if the largest normal p-subgroup Op(G) of G is nontrivial, then K(Ap(G)) is
contractible [Qui78, Proposition 2.4] and conjectured that the converse should hold. In
this paper we study a strong version of Quillen’s conjecture due to Aschbacher and Smith
[AS93b].
Conjecture 1.1 (Quillen’s conjecture). If Op(G) = 1 then H˜∗(Ap(G)) 6= 0.
Quillen proved the conjecture for solvable groups [Qui78, Theorem 12.1]. In [AS93b],
M. Aschbacher and S.D. Smith made a huge progress on the study of this conjecture.
By using the Classification of Finite Simple Groups, they proved that Quillen’s conjecture
holds if p > 5 and G does not contain certain unitary components. Previously, Aschbacher
and Kleidman [AK90] had proved Quillen’s conjecture for almost simple groups (i.e. finite
groups G such that L ≤ G ≤ Aut(L) for some simple group L). Recall that the action of
G on Sp(G) is by conjugation. The main result of our paper is the following.
Theorem 3.1. If X is an acyclic and 2-dimensional G-invariant subcomplex of K(Sp(G)),
then Op(G) 6= 1.
In particular, it follows that Quillen’s conjecture holds for groups of p-rank 3. Recall
that the p-rank of G is the maximum possible rank of an elementary abelian p-subgroup
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of G. The p-rank 2 case was considered by Quillen [Qui78, Proposition 2.10] and is a
consequence of Serre’s result: an action of a finite group on a tree has a fixed point.
In Section 4 we apply our results to establish Quillen’s conjecture for some particular
groups which do not fall on the hypotheses of [AS93b].
A related conjecture, due to C. Casacuberta and W. Dicks, is that a finite group acting
on a contractible 2-complex has a fixed point [CD92]. This conjecture was studied by
Aschbacher and Segev in [AS93a]. Posteriorly, Oliver and Segev classified groups which
admit a fixed point free action on an acyclic (finite) 2-complex. The results of their paper
[OS02] are the basis of our proof of the p-rank 3 case of Quillen’s conjecture. Our main
result, Theorem 3.1 can also be seen as a special case of the Casacuberta–Dicks conjecture.
2. The results of Oliver and Segev
In this section we review the results of [OS02] needed in the proof of Theorem 3.1. If
X is a poset, K(X) denotes the order complex of X (i.e. the simplicial complex whose
simplices are the finite nonempty totally ordered subsets of X). By a G-complex we mean
a G-CW complex. Note that the order complex of a G-poset is always a G-complex.
Definition 2.1 ([OS02]). A G-complex X is essential if there is no normal subgroup
1 6= N ⊳ G such that for each H ⊆ G, the inclusion XHN → XH induces an isomorphism
on integral homology.
The main results of [OS02] are the following two theorems.
Theorem 2.2 ([OS02, Theorem A]). For any finite group G, there is an essential fixed
point free 2-dimensional (finite) acyclic G-complex if and only if G is isomorphic to one
of the simple groups PSL2(2
k) for k ≥ 2, PSL2(q) for q ≡ ±3 (mod 8) and q ≥ 5, or
Sz(2k) for odd k ≥ 3. Furthermore, the isotropy subgroups of any such G-complex are all
solvable.
Theorem 2.3 ([OS02, Theorem B]). Let G be any finite group, and let X be any 2-
dimensional acyclic G-complex. Let N be the subgroup generated by all normal subgroups
N ′ ⊳ G such that XN
′
6= ∅. Then XN is acyclic; X is essential if and only if N = 1; and
the action of G/N on XN is essential.
The set of subgroups of G will be denoted by S(G).
Definition 2.4 ([OS02]). By a family of subgroups of G we mean any subset F ⊆ S(G)
which is closed under conjugation. A nonempty family is said to be separating if it has
the following three properties: (a) G /∈ F ; (b) if H ′ ⊆ H and H ∈ F then H ′ ∈ F ; (c) for
any H ⊳K ⊆ G with K/H solvable, K ∈ F if H ∈ F .
For any family F of subgroups of G, a (G,F)-complex will mean a G-complex all of
whose isotropy subgroups lie in F . A (G,F)-complex is H-universal if the fixed point set
of each H ∈ F is acyclic.
Lemma 2.5 ([OS02, Lemma 1.2]). Let X be any 2-dimensional acyclic G-complex without
fixed points. Let F be the set of subgroups H ⊆ G such that XH 6= ∅. Then F is a
separating family of subgroups of G, and X is an H-universal (G,F)-complex.
If G is not solvable, the separating family of solvable subgroups of G is denoted by SLV.
Proposition 2.6 ([OS02, Proposition 6.4]). Assume that L is one of the simple groups
PSL2(q) or Sz(q), where q = p
k and p is prime (p = 2 in the second case). Let G ⊆ Aut(L)
be any subgroup containing L, and let F be a separating family for G. Then there is a
2-dimensional acyclic (G,F)-complex if and only if G = L, F = SLV, and q is a power
of 2 or q ≡ ±3 (mod 8).
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Definition 2.7 ([OS02, Definition 2.1]). For any family F of subgroups of G define
iF (H) =
1
[NG(H) : H]
(1− χ(K(F>H ))).
Lemma 2.8 ([OS02, Lemma 2.3]). Fix a separating family F , a finite H-universal (G,F)-
complex X, and a subgroup H ⊆ G. For each n, let cn(H) denote the number of orbits of
n-cells of type G/H in X. Then iF (H) =
∑
n≥0(−1)
ncn(H).
Proposition 2.9 ([OS02, Tables 2,3,4]). Let G be one of the simple groups PSL2(2
k) for
k ≥ 2, PSL2(q) for q ≡ ±3 (mod 8) and q ≥ 5, or Sz(2
k) for odd k ≥ 3. Then iSLV(1) = 1.
3. The two-dimensional case
We will deduce Quillen’s conjecture for groups of p-rank 3 from the following general
result.
Theorem 3.1. If X is an acyclic and 2-dimensional G-invariant subcomplex of K(Sp(G)),
then Op(G) 6= 1.
Proof. Suppose Op(G) = 1. Then G acts fixed point freely on X. Consider the subgroup
N generated by the subgroups N ′ ⊳ G such that XN
′
6= ∅. Clearly N is normal in G.
By Theorem 2.3 Y = XN is acyclic (in particular it is nonempty) and the action of G/N
on Y is essential and fixed point free. By Lemma 2.5 F = {H ≤ G/N : Y H 6= ∅} is a
separating family and Y is an H-universal (G/N,F)-complex. Thus, Theorem 2.2 asserts
that G/N must be one of the groups PSL2(2
k) for k ≥ 2, PSL2(q) for q ≡ ±3 (mod 8) and
q ≥ 5, or Sz(2k) for odd k ≥ 3. In any case, by Proposition 2.6 we must have F = SLV.
By Proposition 2.9, iSLV(1) = 1. Finally by Lemma 2.8, Y must have at least one free
G/N -orbit. Therefore X has a G-orbit of type G/N . Let σ = (A0 < . . . < Aj) be a
simplex of X with stabilizer N . Since A0 ⊳ N , we have that Op(N) is nontrivial. Since
N ⊳ G and Op(N) charN we have Op(N) ⊳ G and therefore Op(N) ≤ Op(G). So Op(G) is
nontrivial, a contradiction. 
Since the p-rank of G is equal to dimK(Ap(G)) + 1 we obtain:
Corollary 3.2. Let G be a finite group of p-rank 3. If H˜∗(Ap(G)) = 0 then Op(G) 6= 1.
Recall that a p-subgroup Q ≤ G is radical if Q = Op(NG(Q)). The Bouc poset Bp(G)
is the poset of nontrivial radical p-subgroups of G. It is well known that K(Bp(G)) is
homotopy equivalent to K(Sp(G)). Then by Theorem 3.1, Quillen’s conjecture also holds
whenK(Bp(G)) is 2-dimensional. Another relevant poset is the poset i(Ap(G)) of nontrivial
intersections of maximal elementary abelian p-subgroups. It is a general fact that i(X)
is homotopy equivalent to X for any reduced lattice X [Bar11, Section 9.1]. Hence by
Theorem 3.1 G satisfies Quillen’s conjecture provided that i(Ap(G)) has height 2. See
[Smi11] for a detailed account of the relations between the different p-subgroup complexes.
4. Some examples
In this section we apply Theorem 3.1 to establish Quillen’s conjecture for some groups
which do not fit in the hypotheses of the results of [AS93b]. Recall that a group H satisfies
the Quillen dimension property at p, denoted by (QD)p, if H˜mp(H)−1(Ap(H)) 6= 0.
Theorem 4.1 (Aschbacher–Smith [AS93b, Main Theorem]). Let G be a finite group and
p > 5 a prime number. Assume that whenever G has a unitary component Un(q) with
q ≡ −1 mod p and q odd, then (QD)p holds for all p-extensions of Um(q
pe) with m ≤ n
and e ∈ Z. Then G satisfies Quillen’s conjecture.
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The obstruction to extending this result to p = 3 and p = 5 is the presence of simple
components of G isomorphic to L2(2
3) or U3(2
3) (in the p = 3 case) and Sz(25) (in the
p = 5 case). The case p = 2 is not considered in [AS93b] and would require a much more
detailed analysis. One of the first steps in the proof of the above theorem is the reduction
to the case Op′(G) = 1 (see [AS93b, Proposition 1.6]). To do this, [AS93b, Theorems 2.3
and 2.4] are needed and these theorems strongly use the hypothesis p > 5. Concretely, it
is not possible to apply [AS93b, Theorem 2.3] if a component of CG(Op′(G)) is isomorphic
to L2(2
3), U3(2
3) (if p = 3) or Sz(25) (if p = 5).
In Examples 4.2 and 4.3, we use Theorem 3.1 to prove Quillen’s conjecture for p = 3
in some cases where U3(2
3) is a component of CG(Op′(G)). In Examples 4.4 and 4.5, we
use Theorem 3.1 to prove Quillen’s conjecture for p = 5 in some cases where Sz(25) is a
component of CG(Op′(G)). Examples 4.6 and 4.7 concern the case p = 2. For the claims
on the structure of the automorphism group of the finite groups of Lie type we refer to
[GLS98, GLS99].
Example 4.2. Let p = 3, N = Sz(29) and U = U3(2
3). Choose an element x ∈ U of order
9 and a field automorphism ψ ∈ Aut(Sz(29)) of order 9. Now let G = (N × U)⋊ A be a
semidirect product, where A is a cyclic group of order 9 generated by an element a which
acts as conjugation by x on U and as ψ on N .
Note that O3′(G) = N and CG(O3′(G)) = U3(2
3). Moreover, O3(G) = 1, G/O3′(G) ∼=
UA and O3(UA) = Z(UA) = 〈ax
−1〉 ∼= C9 6= 1 since a acts as x on U . By [AS93b,
Lemma 0.12], there is an inclusion H˜∗(A3(G/O3′ (G))) →֒ H˜∗(A3(G)). However, since
H˜∗(A3(G/O3′ (G))) = 0 we cannot conclude that H˜∗(A3(G)) is nontrivial in this way.
The 3-rank of G is m3(G) = m3(UA). Note that UA = U × 〈ax
−1〉 ∼= U3(2
3) × C9.
By [GLS98, 4.10.3], m3(U) = 2. Therefore, m3(UA) = m3(U) + m3(C9) = 3. Thus by
Corollary 3.2, Quillen’s conjecture holds for G.
Example 4.3. Let p = 3, N = Sz(23)×Sz(23)×Sz(23) and U = U3(2
3). Let A = 〈a〉 and
B = 〈b〉 be cyclic groups of order 3. We construct a semidirect product G = (N × U) ⋊
(A×B). To do this we need to define a map A×B → Aut(N ×U) = Aut(N)×Aut(U).
Choose a field automorphism φ ∈ Aut(U3(2
3)) of order 3. By [GLS99, Lemma 3.10],
CU (φ) ∼= PGU3(2) ∼= ((C3 × C3) ⋊ Q8) ⋊ C3 and thus it is possible to choose an inner
automorphism x ∈ Inn(U3(2
3)) of order 3 commuting with φ. Then A×B → Aut(U3(2
3))
is given by a 7→ x and b 7→ φ. Choose a field automorphism ψ ∈ Aut(Sz(23)) of order 3.
Then if A acts on each coordinate of N as ψ and B permutes the coordinates of N we
obtain a map A×B → Aut(N).
Note that O3(G) = 1, O3′(G) = N and CG(O3′(G)) = U3(2
3). As in the above example,
O3(G/O3′(G)) = O3(U3(2
3)AB) = 〈ax−1〉 ∼= C3 and thus we cannot use [AS93b, Lemma
0.12] to find nontrivial homology in A3(G).
The 3-rank of G is m3(G) = m3(U3(2
3)AB). We can take an elementary abelian
subgroup E ≤ CU (φ) of order 9 containing x. Then EAB is an elementary abelian
subgroup of order 34. Hence, m3(UAB) ≥ 4. Since m3(U3(2
3)) = 2 and m3(AB) = 2, we
have m3(G) = 4 (and K(A3(G)) is thus 3-dimensional).
By Theorem 3.1, to show that Quillen’s conjecture holds for G and p = 3 it is enough
to find a 2-dimensional G-invariant subcomplex K of K(S3(G)) homotopy equivalent to
K(S3(G)).
Let H = (N ×U)⋊A. Note that H ⊳G, m3(H) = 3 and O3(H) = 1. Therefore, A3(H)
is a 2-dimensional G-invariant subcomplex of A3(G). We are going to show that A3(H)
and A3(G) are G-homotopy equivalent.
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Consider the poset N = {E ∈ A3(G) : E ∩H 6= 1}. The map r : N → A3(H) defined
by r(E) = E ∩H is a G-homotopy equivalence with inverse the inclusion A3(H) →֒ N , so
N ≃G A3(H). To conclude we will prove N ≃ A3(H).
Let E ∈ A3(G)−N . Since E ∩H = 1, E ∼= EH/H ≤ B ∼= C3 and E is therefore cyclic
(i.e. E is minimal in A3(G)). Let e ∈ E be a generator and write e = nua
ibj with n ∈ N ,
u ∈ U and i, j ∈ {0, 1, 2}. Note that j 6= 0 since E ∩H = 1. If v ∈ U , then
ve = vnua
ibj = (vua
i
)b
j
Since j 6= 0, we see that e acts on U as a field automorphism and, as before, we have
CU (E) ∼= PGU3(2) ∼= ((C3 × C3) ⋊ Q8) ⋊ C3. Since any elementary abelian subgroup of
order 9 intersects H, the map f : A3(G)>E → A3(CH(E)) defined by f(C) = C ∩ H is
a homotopy equivalence with inverse g : A3(CH(E)) → A3(G)>E given by g(C) = CE.
On the other hand, U ⊳ H implies that CU (E) ⊳ CH(E), and O3(CU (E)) = C3 × C3 6= 1.
Therefore, O3(CH(E)) 6= 1 and A3(G)>E ≃ A3(CH(E)) ≃ ∗.
In other words, we have seen that the points of A3(G) − N are minimal and have
contractible links. Thus N →֒ A3(G) is a G-invariant strong deformation retract. This
finishes the proof that K(A3(H)) is a 2-dimensional G-invariant homotopy equivalent
subcomplex of K(Sp(G)).
Example 4.4. Let p = 5. Let r be a prime number such that r ≡ 2 or 3 mod 5 and
let q = r5
n
. Let L be one of the simple groups L2(q), G2(q),
3D4(q
3) and 2G2(3
5n) with
n ≥ 2 and let A = 〈a〉 be a cyclic group of order 5n. Note that 5 ∤ |L|. Let a act on
L as a field automorphism of order 5n. Choose a field automorphism φ ∈ Aut(Sz(25)) of
order 5 and let A act on Sz(25) × Sz(25) as φ × φ. Now consider the semidirect product
G = (L × Sz(25) × Sz(25)) ⋊ A defined by this action. Then m5(G) = 3, O5(G) = 1,
O5′(G) = L, CG(O5′(G)) = Sz(2
5)2 and O5(G/O5′ (G)) = CA(Sz(2
5)2) = 〈a5〉 6= 1. By
Corollary 3.2, Quillen’s conjecture holds for G.
Example 4.5. Let p = 5 and take L as in the previous example. Let A = 〈a〉 ∼= C5n and
B = 〈b〉 ∼= C5. Let G = (L
5 × Sz(25)2) ⋊ (A × B), where a acts on each copy of L as a
field automorphism of order 5n and trivially on Sz(25)2, and b permutes the copies of L
and as a field automorphism of order 5 on each copy of Sz(25).
Note that O5′(G) = L
5 and CG(O5′(G)) = Sz(2
5)2. Therefore it is not possible to apply
[AS93b, Proposition 1.6]. On the other hand, O5(G) = 1 and O5(G/O5′ (G)) = A 6= 1.
Also, the 5-rank of G is
m5(G) = m5(Sz(2
5)2 ⋊ (A×B))
= m5(A× (Sz(2
5)2 ⋊B))
= m5(A) +m5(Sz(2
5)2 ⋊B)
= 1 + 3
= 4.
Now the aim is to find a 2-dimensional G-invariant homotopy equivalent subcomplex of
K(S5(G)) to proceed as in Example 4.3. Let H = (L
5 × Sz(25)2) ⋊ A = L5A × Sz(25)2.
Note that m5(H) = 3 and O5(H) = 1, so that H˜∗(A5(H)) 6= 0 by Corollary 3.2. We are
going to show that A3(H) ≃G A3(G).
Let N = {E ∈ A5(G) : E ∩ H 6= 1}. As above, N ≃G A5(H). Let E ∈ A5(G) be
such that E ∩ H = 1. Therefore, E is cyclic generated by an element e of order 5 and
e = lsaibj with l ∈ L5, s ∈ Sz(25)2, 0 ≤ i ≤ 5n−1 and j ∈ {1, 2, 3, 4}. Thus E acts by field
automorphisms on each copy of the Suzuki group. Hence, CH(E) = CL5A(E)×CSz(25)2(E).
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Note that CSz(25)2(E)⊳CH (E) and CSz(25)2(E) ∼= CSz(25)(E)
2 ∼= (C5⋊C4)
2 have a nontrivial
normal 5-subgroup. Thus, A5(G)>E ≃ A5(CH(E)) ≃ ∗ and as before, A5(G) is G-
homotopy equivalent to N ≃G A5(H), which is a 2-dimensional G-invariant subcomplex.
We conclude with two example of groups satisfying Quillen’s conjecture for p = 2.
Example 4.6. Let G be the group extension (A5×A5)⋊C2 where the generator of C2 acts
on each coordinate as conjugation by (1, 2). Then G has 2-rank 4. Using the GAP [GAP19]
package Posets [FPSC19], we find that the Bouc poset B2(G) has 660 points and K(B2(G))
is 2-dimensional. Thus, by Theorem 3.1 this groups satisfies Quillen’s conjecture. In fact
using GAP we can compute H0(B2(G)) = Z, H1(B2(G)) = 0, H2(B2(G)) = Z
384.
In the following example we give two proofs that certain group satisfies Quillen’s con-
jecture for p = 2. The first proof is computer assisted. The second proof is not computer
assisted and can be adapted to yield another proof that the group G in Example 4.7
satisfies Quillen’s conjecture.
Example 4.7. Let G = (U3(4) × A5) ⋊ C2 be the semidirect product constructed in the
following way. Let L = U3(4)×A5. Then Out(L) = Aut(L)/Inn(L) ∼= Aut(U3(4))/U3(4)×
Aut(A5)/A5 ∼= C4 × C2. There are three involutions in this group. Take t to be the only
one which acts nontrivially in both factors. Then G = L ⋊ 〈t〉. We present two proofs
that this group satisfies Quillen’s conjecture.
The idea of the first proof is to compute the height of B2(G) using the GAP package
Posets. It turns out that B2(G) has height 2 so its order complex is 2-dimensional and
Theorem 3.1 applies. This poset has 34520 points and so in this case it is not practical to
use GAP to compute the homology.
The idea of the second proof is to equivariantly collapse K(A2(G)) to a 2-dimensional
subcomplex in order to apply Theorem 3.1.
Let h1 : L → U3(4) and h2 : L → A5 be the projections. For every subgroup E ∈
A2(U3(4)) (resp. E ∈ A2(A5)), there exists a unique elementary abelian 2-subgroup
ME ≤ U3(4) (resp. ME ≤ A5) of order 4 containing it. This is because the Sylow 2-
subgroups of U3(4) and of A5 intersect trivially and in both groups, each Sylow 2-subgroup
has a unique maximal elementary abelian 2-subgroup of rank 2. Recall that the centralizer
of an outer involution of U3(4) (resp. A5) is isomorphic to A5 (resp. S3). We will use this
fact without explicit mention.
We now give the proof that K(A2(G)) collapses to a 2-dimensional G-invariant sub-
complex. The sequence of collapses is divided into three stages in such a way that any
maximal simplex of K(A2(G)) is collapsed at some stage and after each stage we have a
G-invariant subcomplex.
If a maximal simplex (E1 < E2 < E3 < E4) satisfies E4 ≤ L then (E1 < E2 < E3) is a
free face. This is becauseE4 =Mh1(E3)Mh2(E3), and if F > E3 then F ≥Mh1(E3)Mh2(E3) =
E4. In the first stage we collapse these maximal simplices.
If a maximal simplex (E1 < E2 < E3 < E4) was not removed at the first stage and
satisfies h2(E3 ∩ L) 6= 1, again we show that (E1 < E2 < E3) is a free face. We have
E1 ∩ L = 1 and E3 = E1(E3 ∩ L). Note that h1(E3 ∩ L) 6= 1 since E1 acts on A5 by
outer automorphisms, |E1| = 2 and hence CA5(E1)
∼= S3 has 2-rank 1. Therefore, if
F > E3 then F ≥ E1Mh1(E3∩L)h2(E3 ∩ L), and by an order argument equality holds. In
consequence, the unique maximal simplex containing (E1 < E2 < E3) is (E1 < E2 < E3 <
E1Mh1(E3∩L)h2(E3 ∩ L) = E4). In the second stage we collapse these maximal simplices.
Finally, if a maximal simplex (E1 < E2 < E3 < E4) was not removed in the first two
stages, we show that (E1 < E2 < E4) is a free face. As before, E3 = E1(E3 ∩ L). Since
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E3 ∩ L has order 4 and it is contained in U3(4), E3 ∩ L = h1(E3 ∩ L) = Mh1(E3∩L). Let
M =Mh1(E3∩L) and note that E4 = E1Mh2(E4 ∩L). Write E2 = E1(E2 ∩L) and observe
that M = Mh1(E2∩L). Then E3 = E1M and if E4 > F > E2, either h2(F ∩ L) 6= 1 or
F ≥ E1M , and hence F = E3. Therefore (at this stage) the unique maximal simplex
containing (E1 < E2 < E4) is (E1 < E2 < E3 < E4). Thus in stage three we can collapse
the remaining maximal simplices and the proof is complete.
In fact, the above argument can be refined to yield a proof that i(A2(G)) has height 2.
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